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Abstract. Multiple scalar integral representations for traces of operator deriva- 
tives are obtained and applied in the proof of existence of the higher order spectral 
shift functions. 



1. Introduction 

For a large class of admissible functions / : R h C, the operator derivatives 
-£jf(H + xV), where H and V are self- adjoint operators on a separable Hilbert 
space H, exist and can be represented as multiple operator integrals [H [H]. Let 
M. be a semi-finite von Neumann algebra acting on 7i and r a semi-finite normal 
faithful trace on M. For H Q = Hq affiliated with M and V = V* in the r-Hilbert- 
Schmidt class ;C2(-M,t) (that is, V e M and t(|K| 2 ) < oo), we represent the traces 

of the derivatives r 



£if(H + xV) 



as multiple scalar integrals, and, subsequently, 



as a distribution on fw\ which is essentially a derivative of an L°°-function (see 

Theorem 13.111 and Corollary 13. 121) . Then these representations for r 

are applied in the study of the higher order spectral shift functions 
in Section HI 

Let R p = R Pt H ,v(f) denote the remainder of the Taylor-type approximation 



£if(Ho + xV) 
reviewed below" 



p-i 



f(H + V)-J2 



1 d? 



3=0 



j\ dxi 



f(H + xV) 



2=0 



of the value of f(Ho + V) at the perturbed operator Ho + V by data determined by 
the initial operator H . Let W P (K.) denote the set of functions / G C P (R) such that 
for each j — 0, . . . , p, the derivative /^) equals the Fourier transform J R e ltx dfj,f(j)(\) 
of a finite Borel measure ///o> There exist functions ^ = £,h +v,h and r\ = r] Ho ^ Ho+v , 
called Krein's and Koplienko's spectral shift functions, respectively, such that when 
t(\V\)<oo, 



t[R 1 (J))= / f'(t)Z(t)dt 
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for / e Wi(R) [H] (see also [21 HI [□]), and when r(|\/| 2 ) < oo, 

r[R 2 (f)}= [ f"(t) V (t)dt, (1.2) 

for / e W 2 (R) [7] (see also [TOl CE21 M\ ) • 

It was conjectured in [7J that for V in the Schatten p-class, p > 3, and .M = £>(7i) 
(the algebra of bounded operators on 7i), there exists a real Borel measure v v = 
v p .H ,Vi with the total variation bounded by r Q y ) ; such that 

^(/)]= / f iP \t)du p (t), (1.3) 

for bounded rational functions /. A proof of (11.31) was also suggested in [7J, but, 
unfortunately, it contained a mistake (see [B] for details). 

It was proved in [61 Theorem 5.1] that (11.31) holds for / G W P (IR) when V is in 
the Hilbert-Schmidt class and Ai = B(7i), with v v a real Borel measure whose total 

variation is bounded by ^-py—- It was shown in [6] and [15] that v v is absolutely 
continuous for a bounded and unbounded H , respectively. Moreover, an explicit 
formula for the density of i> p , called the spectral shift function of order p, was derived 
in [6J [15] (see, e.g., (14. 3 p of Theorem 14.11) . The trace formula (II. 3p was also obtained 
in the case of Ai a general semi-finite von Neumann algebra and p = 3 [6, Theorem 
5.2], with u 3 absolutely continuous when H is bounded. When H is unbounded, the 
trace formula (11.31) with an absolutely continuous measure z/3 was established in [15] 
for a set of functions / disjoint from the one in [6l Theorem 5.2] for an unbounded 
H (this discrepancy is explained in Remark 14. 4p . 

The proof of existence of the measure v v in [B] relied on iterated operator integration 
techniques, while the proofs of the absolute continuity of v v in 0,115] on the analysis of 
the Cauchy (also known as Borel) transform of v p . By utilizing the results on operator 
derivatives and divided differences of Sections [3] and [21 respectively, we obtain a more 
direct, unified, proof of the established trace formula (II .3p and the absolute continuity 
of Up in Section [H We also obtain a new representation for the density of v p (see 
(14.21) of Theorem 14.11) and, in the case of a general M. and unbounded Hq, extend 
(11.31) with an absolutely continuous measure z/ 3 to a larger (as compared to [15]) set 
of functions / (see Theorem 14.31) . 

2. Divided differences and splines 

In this section we collect facts on divided differences and splines to be used in the 
sequel. 

Definition 2.1. The divided difference of order p is an operation on functions / of 
one (real) variable, which we will usually call A, defined recursively as follows: 

A$J(/) :=/(Ax), 
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The following facts are well-known. 



3 



Proposition 2.2. (1) (See Section 4.7, (a)].) 

A Ai,...,A P +i W ls s y mmetnc m Ai, A 2 , ■ ■ ■ , Ap+i. 

(2) (See 0, Section 4.7].) For f a sufficiently smooth function, 

m(A;)-l 

Ai t..,x P+1 (f) = E E ■ ■ ■ > Vii/^A,). 

iex j=o 

Here X is the set of indices i for which \ are distinct, m(Aj) is the multiplicity 
of A i; and Cy(Ai, . . . , A p+ i) G C. 

In particular, if all points Ai, . . . , A p+ i are distinct, then 

A (p) m = V 

Ai,...,Aj, + i \J I TT /\ \ \- 

i=1 llfce{i,..., P +i}\{i}l A J 

(3) (See [5, Section 4.7].) 

v .. ) > +1 (a P A p + a p _iA p_1 + • ■ • + aiA + ao) = a p , where do, ai, ■ ■ ■ , a p G C. 

(4) (See Theorem 6.2 and Theorem 6.3].) For f G C p [a,b], the function 

[a,br 1 3(X 1 ,...,X p+1 )^A^_ Xp+i (/) 

continuous. 

We will need a more specific version of Proposition 12.21 

Lemma 2.3. Lei / G C 1 [a, 6] and Ai, . . . , X p be distinct points in [a, 6] . Then for any 
i G {1, . . . ,p}, 

Ai,...,Ap.Ai \ J I 



rifce{i,...,p}\{i}(^ _ ^k) 

1 ( f( x * 



je{i,...,p}\{i} 



(Aj - Xj) 2 I rifee{i,...,p}\{i,i}(^i _ rifce{i,...,p}\{ij}(^ _ 



Proof. Without loss of generality, we may assume that Aj = X p . By Proposition 12.21 

a (p-i) rn = V i f ^ 

A Xp • u n k e { i,..., P -i }m (^ - x ^ - ») n fee{ i,..., P - 1} (5 - a,)- 
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\l,...,Xp-l,Xp,X p \J ) \ Ai,...,A p _i,s V ) 



S Arj 



p-1 

j =1 1 Lke{i,...,p 



-i}\0}^ 



(Xj - A fc )(A p - XjY 



+ 



f(A P ) 



rifcG{i v ..,p-i}(Ap - A fc ) 



/(Ap)E 



rLe{i,..., P -i}\{j}(Ap - A fc )(A p - A 3 ) s 



which coincides (upon regrouping the terms) with the expression in the statement of 
the lemma. □ 

In the case of repeated knots, the order of the divided difference can be reduced, 
as it is done in the next lemma. 

Lemma 2.4. Let f e C p [a, b] and Ai, . . . , A p G [a, b]. Then, 

v 

^/j ^A 1 A„,A» (/) = ^X X ,...,X P (/ ) • 

i=l 



Proof. In view of Proposition 12.21 (j4j), it is enough to prove the lemma only in the 
case when all Ai, . . . , X p are distinct. Applying Lemma [2731 (j4|) ensures 

p p 



^Ai,...,Ap,Aj(/) - 



1=1 



~^ nfce{i,...,p}\{i}(Ai Xk) 
/(A,) 



(2.1) 



i= i je{i,.., P }\{i} ~ A ^ 2 VnfcG{i,..., P }\{i,i}(Ai - A fe ) rLe{i,..., P }\{i, J }(Ai - Afcj 

By Proposition 12.21 (j2J), the first summand in (12.1 1) equals ^ (/'). The second 
summand in (12. ip with double summation sign equals zero; to see it, we group and 
cancel the terms with indices (i,j) = (ii,^) and = (^2,^1), where i\ 7^ 12 G 

{1, ...,p}. □ 

Remark 2.5. Depending on the number of repeated knots of the divided difference in 
Proposition 12.21 (j4]) and, subsequently, in Lemma I2.4[ the smoothness assumption on 
/ can be relaxed; see for details [51 Theorem 6.2 and Theorem 6.3]. 

The divided difference of a function in Wp(lR) admits a useful representation as an 
integral of products of exponentials, each depending on only one knot of the divided 
difference. 



Proposition 2.6. (See [U Lemma 2.3].) For f e W 3 



(/) 



3 i(s -si)A 



n(p) 



Here 



n {p) = {(s , Sl ,..., Sp )e 



pp+i 



1 ... e Ks P ~i-s P )\ Pe is P x p+1 daf\s , 



\s P \ < ■ ■ < \si\ < \s Q \, sign(so) 



> s p)- 

= sign(sp)} 
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and dcrj (s , Si, ■ ■ ■ , s p ) = i p fif(ds )dsi . . . ds p . 

Below, we list properties of piecewise polynomials, which will appear in represen- 
tations for the higher order spectral shift functions, and include a representation of 
the divided difference in terms of its Peano kernel. 

Proposition 2.7. (1) (See % Section 5.2, (2.3) and (2.6)].) 

The basic spline with the break points Ai, . . . , X p +i, where at least two of the 
values are distinct, is defined by 

P^ZA7jX(mm{A 1 ,A2},max{A 1 ,A 2 })( t ) $ P = 1 

.^((A-C 1 ) Vp>i 

{x^ if x ^ 
~~ for k G N. 
if x 0} 

The basic spline is non-negative, supported in 

[min{Ai, . . . , A p+ i}, max{Ai, . . . , A p+i }] 

and integrable with the integral equal to 1/p. (Often the basic spline is nor- 
malized so that its integral equals 1.) 
(2) (See [5, Section 5.2, (2.2) and Section 4.7, (c)].) 

Let [a, b] = [min{Ai, . . . , A p+ i}, rriax{A x , . . . , A p+ i}] . For f G C p [a, b], 

^Ai,...,Ap+i 

^ j b a f^(t)A^_ Xp+i ((A - t)^ 1 ) dt if Ei lf z 2 such that A n ^ X l2 



^/ (p) (Ai) A 1 = A 2 = --- = A P+1 . 

(2.2) 

The first equality in ( 12. 2p a/so /ioWs /or / G C p_1 [a, 6], wi/i absolutely 
continuous and f^) integrable on [a,b]. 

Properties of an antiderivative of the basic spline are written below. 

Proposition 2.8. (See [T5J Lemma 3.1].) (i) If \\ = ■ ■ ■ = A p+i G R, with p > 0, 
then 

A A l., Ap+1 ((A-tr + )=X(-oo,A 1 )W- (2-3) 

(ii) If not all Ai, . . . , A p+ i G R coincide, let T be the set of indices i for which Aj 
are distinct and let m(A») be the multiplicity of Aj. Assume that p > 1 and M = 



max ieI m(A,) < p. Then, t ^ ((A - t) p + ) G C^ M ' 



and 



ajsLw « A - *)+) = p y t a a/,...,a p+1 «a - <on (2.4) 

Proposition 2.9. (See [13 Lemma 3.2].) Let (\ u . . . , A p+1 ) G R p+1 . Then the func- 
tion A^y Ap+i ((A — £)+) is decreasing; it is equal to 1 when t < min 1 < fc < p+1 X k and 
equal to when t > maxi<fc< p+ i A&. 
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We will need a representation of the divided difference in terms of an antiderivative 
of the corresponding basic spline (12 .4p . 

Lemma 2.10. Let [a, b] = [min{Ai, . . . , A p+ i}, max{Ai, . . . , A p+ i}]. For f G C p [a, b], 
<...,a p+1 (/) = + 3 /V +1) WAit., Ap+1 ((A - ty + ) dt. (2.5) 

P- P- J a 

Proof. Assume first that not all Ai, . . . , A p+ i coincide. Applying Proposition 12.71 (j2J) 
and then integrating by parts and applying the representation (I2.4p of Proposition 
12.81 provide 

(/) 

b 



= -i (/<»(*) A<t,*„ + , ((A - if + )) ' + i /' /" +1 »(*)A?» ., Xp+ , ((A - t)l) dt. 
P ■ ' a y- J a 

By Proposition ^. 9[ the latter reduces to (12.51) . If Ai = • • • = A p+ i, then by Proposition 

u ' p\ p\ p\ j a 

With use of the representation (12.31) of Proposition 12.81 the latter can be rewritten 
as (ED). □ 

3. Traces of multiple operator integrals 

In this section, we represent traces of certain multiple operator integrals as multiple 
scalar integrals. In particular, we obtain useful formulas for the traces of the Gateaux 
derivatives r \^f{H Q + xV)], where V — V* is a Hilbert-Schmidt perturbation of a 
self-adjoint operator H and / G W p ( 



3.1. Multiple spectral measures. We will need the facts that certain multi-measures 
extend to finite countably additive measures. 

Proposition 3.1. Let 2 < p G N and let E\,E2, . . . ,E P be projection-valued Borel 
measures from M to Ai. Suppose that Vy, . . . , V p belong to /^(-M, r). Assume that 
either M. = B(TC) or p = 2. Then there is a unique (complex) Borel measure m on 
MP with total variation not exceeding the product ||Vi|| 2 ||T^|| 2 • • • ll^pl^; whose value 
on rectangles is given by 

miAt xA 2 x---xA p ) = t[E 1 (A 1 )V 1 E 2 (A 2 )V 2 . . . V p ^E p {A p )V p ] 

for all Borel subsets A\, A 2 , . . . ,A p o/M. 

Remark 3.2. In the case of Ai — B(Ti) and V a Hilbert-Schmidt operator, Proposition 
13.11 was obtained in [31 [TT]. For a general Ai and V G C 2 (Ai, r), the set function m 
is known to be of bounded variation only if p = 2 (see [SI Section 4] for a positive 
result and a counterexample). 
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Proposition 3.3. (See jH Corollary 4.3] .) Under the assumptions of Proposition \3J\ 
there is a unique (complex) Borel measure mi on W with total variation not exceeding 
the product ||Vi|| 2 1 1 V2 ] 1 2 ' ' ' II II 2' w hose value on rectangles is given by 

mi(Ai x A 2 x ■ ■ ■ x A p x Ap+x) = r[E 1 (A 1 )V l E 2 (A 2 )V 2 . . . V p ^iEp(A p )VpEi(A p+ i)] 

for all Borel subsets Ai, A 2 , . . . , A p , A p+ i o/R. 

In the sequel, we will work with the set functions 

m p , Ho ,v( A i xA 2 x---xA p ) = t[E Ho (Ai)VE Ho (A 2 )V .. . VE Ho (A p )V], 

™ P % ,v( A i x A 2 x • ■ • x A p+1 ) = T[E Ha {Ai)VEH a {A2)V ■ ■ ■ VE Ho (A p )VE Ho (A p+1 )] 

and their count ably- additive extensions (when they exist), called multiple spectral 
measures. Here Aj, 1 < j < p, are measurable subsets of R, H = H£ is affiliated 
with M., and V = V* G C2(M.,r). Clearly, the measures m Pj H ,v and ^p 1 ^ y are 
particular representatives of the measures m and mi, respectively. 

Proposition 3.4. (See [HI Theorem 4.5].) Let r be a finite trace normalized byr(I) = 
1 and let H = Hq be affiliated with M and V = V* G M. Assume that (zl — Hq)^ 1 

and V are free. Then the set functions m p ^H ,v & n d Tn p ^ Ho V extend to countably 
additive measures of bounded variation. 

Upon evaluating a trace, some iterated operator integrals can be written as Lebesgue 
integrals with respect to "multiple spectral measures" . 

Proposition 3.5. (See [61 Lemma 4.9].) Assume the hypothesis of Proposition [3A[ 
Assume that the spectral measures E\, E 2 , . . . ,E P correspond to self-adjoint operators 
H , Hi, . . . , H p affiliated with M., respectively, and that Vj, V 2 , . . . , V p G C 2 (M., r). 
Let fx, f 2 , . . . , f p be functions in Co(R) (vanishing at infinity). Then 

r[fi(Hi)Vif 2 (H 2 )V 2 . . . fp(H p )Vp] = [ fi(\i)f 2 (\ 2 ) . . . f p (X p ) dm(\ x , \ 2 , . . . , \), 

with m as in Theorem \3.1\ 

Remark 3.6. A completely analogous result with m replaced by m Pt H ,v or m P H v 
holds under the hypothesis of Proposition 13.11 or Proposition 13.41 

3.2. Reduction of traces of multiple operator integrals to scalar integrals. 

Definition 3.7. (PQ Definition 4.1]; see also [14]) Let H k = H* k and V k = V k *, with 
k — 1, . . . ,p + 1, be operators defined in TC. Assume that V k , k = 1, . . . ,p + 1, are 
bounded. Let be a function representable in the form 

0(Ai, \ 2 , . . . , A p , Ap+i) = / oi(Ai, s)a 2 (\ 2 , s) . . . a p (\ p , s)a p+ i(\ p+ i, s) dcr(s), (3.1) 

Js 

where (S, a) is a finite measure space and 0/1, ... , a p+ i are bounded Borel functions 
on R x S. Then the multiple operator integral 

/ 0(Ai, A 2 , . . • , Ap, Ap+i) dE Hl (\i)Vi dE H2 (\ 2 )V 2 . . . dE Hp (X p )VpdE Hp+1 (X p+ i) 

JRP+ 1 
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is defined as the Bochner integral 

/ ai(Hx, s)Via 2 (H 2 , s)V 2 ■ . ■ a p (H p , s)V p a p+ i(H p+1 , s) da(s). 
Js 

When the set functions m and m x admit extensions to finite countably additive 
measures, a trace of a multiple operator integral can be represented as a multiple 
scalar integral. 

Lemma 3.8. Let H±, . . . , H p+ \ be self-adjoint operators affiliated with Ai and Vi, . . . ,V P 
self-adjoint operators in C 2 {M.,t). Let Ek = En k , for k = 1, . . . ,p + 1, and let <fi 
be a bounded B or el function admitting the representation ( 13. ip . Then, the following 
representations hold. 

(1) For mi the measure provided by Proposition \3.3\ or Proposition 3.4 < 



T 



/ 0(Ai, . . . , A p , A p+ i) dE Hl (\i)Vi . . . dE Hp (\ p )V p dE Hp+1 (\ p+1 ) 
0(Ai, . . . , Xp, X p +i) dmi(Xi, . . . , X p , X p+ i). 



RP+ 1 



(2) In the case of H p+ % = H lt for m the measure provided by Proposition ^. 1\ or 



Proposition 3.4 



[ 0(Ai, A 2 , . . . , Ap, Ap+0 dEH^VtdEH^X^Vt . . . dE Hp {X p )V p dE Hl {X p+l ) 

= / 0(Ai, A 2 , . • • , A p , Ai) dm(X 1 , X 2 , . . . , X p ). 
Jrp 

Proof. (1) By [TJ Lemma 3.10 and Remark 4.2], 

r / a^H^s^i. . .a p (H p ,s)V p a p+1 (H p+1 ,s)da(s) 
Js 

= / T[ai(Hi,s)Vi...a p (H p ,s)V p a£p + x(H p+ i,s)] da(s). 
Js 

By Remark 13.61 the latter integral equals 

Qi(Ai, s) ... a p (X p , s)a p+1 (X p+1 , s) dm^Xi, ...,X P , X p+1 ) da(s), 




'S JRP+ 1 

which by Fubini's theorem converts to 



ai(Ai, s) . . . a p (X p , s)a p+1 (X p+1 , s) da(s) dmi(Ai, . . . , A p , A p+1 ) 
0(Ai, . . . , Ap, Ap+i) G?mi(Ai, . . . , Ap, Ap + i). 

>+i 

(2) By [U Lemma 3.10 and Remark 4.2] and cyclicity of the trace, 

/ ai(H l7 s)Via 2 (H 2 , s) . . . V p a p+ i(H p+1 , s) da(s) 
Js 

-- / t [a p+ i(H l7 s)ai(Hx : s)Via 2 (H 2 , s) . . . V p ] da(s). 
Js 
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By Proposition 13.51 the latter integral equals 




a p+ i(Ai, s)«i(Ai, s)a 2 (A 2 , s) . . . a p (X p , s) dm(X 1 , A 2 , . . . , A p ) da{s), 



which by Fubini's theorem converts to 



ai(Ai, s)a 2 (A 2 , s) ... a p (X p , s)a p+ i(X 1 , s) da(s) dm(X l7 A 2 , . . . , A p ) 
4>(Xt, A 2 , . . . , A p , Ai) dm(X 1 , A 2 . . . , A p ). 



□ 



We have the following representation for the derivative 4^f(Ho + xV). 

Proposition 3.9. f |14[ Theorem 5.6]; see also [H Theorem h.7\) Let H = Hq be 
operator affiliated with M. and V = V* an operator in M.. Denote H x — H + xV . 
Then for every f in W p ( 



d p 
dxP 



f(H + xV) =p\ f A^l (/) dEnMV . . .VdE Ho (X p+1 ) 

x=0 JRP+ 1 



The main assumptions of the following results are collected in the format of a 
hypothesis. 

Hypothesis 3.10. Let H = Hq be affiliated with M and V = V* G C 2 (M,r). 
Assume that one of the following three conditions is satisfied: 

(1) M = BiU), p>3, 

(2) p = 3, 

(3) M. is finite, p > 3, and (zl — Ho) 1 and V are free in (Ai, r). 

In the multiple operator integral representation for the derivative -£^f(H x ) pro- 
vided by Proposition 13.91 the order of the divided difference can be reduced upon 
evaluating the trace. 



Theorem 3.11. Assume Hypothesis \ 3. HA Then for f £ W, 



p y^j , 



T 



dxP 



f(H + xV) 



x=0 



P! / A it.,A P+1 (/) <Kkv(Ai, " " " ' Vi) (3-2) 
= (p - 1)! f A<f-\(f) dm p , Ho>v ^i, ■ ■ ■ , Ap). (3.3) 

J MP 

Proof. By Proposition I2.6[ the function <p(Xi, . . . , A p+ i) = A i (/) admits the 

representation (13.ip . where «i(Ai,s) = e l(s °~ Sl)Al , a p (X p ,s) = e Ksp-i~s p )X p ^ anc j 



10 SKRIPKA 

a p+ i(A p+ i, s) = e 1SpXp+1 . It follows from Proposition 13.91 and Lemma [3781 that 



dxP 



f(H + xV) 



i=0 



T 



j+i ^tx,,..^ P Jf) dE ^i)VdE Ho (X 2 )V . . . VdE Ho (X p+1 ] 
^L,..,x p ,x p+1 (f) dm { X v (\i, A 2 , . . . , X p , VfO (3-4) 
a ? 1 ) ,a 2 ,...,a p ,a 1 (/) rfm P,H y(Ai, A 2 , . . . , A p ). (3.5) 



Proposition 13.91 and the representation H3.4[) imply (13. 2p . 

To prove that the expressions in (13.21) and (13. 3p are equal, we note first that a 
trivial renumbering of the variables of integration gives 



A ? 1 ) ,a 2 ,...,a p ,a 1 (/) dm P;Ho ,v{ x u A 2 , . . . , A p ) 



A 



A i ,A i +i,-,A pi Ai,...,A;-i,Ai(-f) dm P,H ,v(Xi, A i+ i, . . . , A p , Ai, . . . , A;_i). (3.6) 



Cyclicity of the trace r ensures cyclicity of the measure m Pt H 0i v, that is, 

dm Pt H ,v(Xi, Aj+i, . . . , Ap, Ai, . . . , Aj_i) = dm P) _ff 0i y(Ai, . . . , Aj_i, Aj, Aj+i, . . . , A p ). 

(3.7) 



Symmetry of the divided difference (see Proposition 12.21 ([I])) along with (I3.6P and 
(13.71) ensures the equality 



A Ai,Aa,...,Ap,A 1 (/) d m P,H ,v{Xl, A 2 , ■ ■ ■ , A p ) 



A 



A P i ) ,A 2 ,...,A p ,A l (/) dm p,H ,v(Xl, A 2 , • • • , Ap). 

It follows from (13.81) and Lemma 12.41 that 

P / A A P 1 ) ,A 2 ,...,A P ,A 1 (/) ^p,H ,v(Al, A 2 , . . . , Ap) 
J MP 

P . 

= J2 A \l\2,...,\ P ,xSf) dm PtHo ,v(\i, A 2 , . . . , Ap) 
i=i J ^ p 

= [ A^" 1 ^ (/') dm Pi H ,v(\i, . . . , Ap). 
Combination of (13. 5p and (13. 9p completes the proof of the theorem. 



(3.8) 



(3.9) 
□ 
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Corollary 3.12. Assume Hypothesis \3.1(A Assume, in addition, that Hq is bounded. 
Let [a, b] be a segment containing a(H ) U ct(Hq + V). Then for f G W P (M.), 

" d p 



dxP 



f(H + xV) 



r(Vnf (p \a) 



x=0 

V +1) W / A£...,A P+1 dm% hV (X 1 ,...,X p+1 )dt (.110) 

J[«,6]p+ 1 

= f f ip+1 \t) [ A?-\ ((A -O rfm p ,Hoy(Ai,...,A p )rft (3.11) 

-'a J[a,b]P 

Proof. First, notice that the measure m Pt H ,v is supported in [a, b}. Expanding the 
integrands in (13.21) and (13. 3ft according to (12. 5ft of Lemma l2.10l and then using Fubini's 

theorem (the functions / (p+1) (-), ^xl..,\ p+1 (( A - 0+)> and A i~?,\ p ((A - Or 1 ) are 

bounded and the measures m p H v and m Py H ,v are finite) provide the representations 

fl3TT0|) and (13~TB . Here we used the fact that m p \ V {W +1 ) = m p , Ho y{R p ) = t(V p ). 

□ 

4. Properties of the spectral shift measure 

In this section, we prove existence of the higher order spectral shift functions and 
derive some of their properties by implementing a multiple operator integral approach. 

Theorem 4.1. Assume Hypothesis \3.1 (A Assume, in addition, that Hq is bounded. 

(1) There exists a unique finite real-valued absolutely continuous measure v v such 
that the trace formula 

r[Rp(f)] = [ f {p \t)dv p {t) (4.1) 



holds for f G W P (IR) U y\, where 9^1 denotes the set of rational functions on 
with nonreal poles. 
(2) The density of v p is given by the formulas 

T(V p - V ) 

W = (p-\)\ ~ v p- i ^~°°^ 



1 



a> ~ ij! L A ^ ((A " t)P+) dmp -^ v{K ■ ■ ■ ' Ap) (4 - 2) 

A_^-^_ l(( -oc,t)) 



- ij! Jrp-i 



( p _ 1 ) ! J Rp _ 1 -A 1) ... 1 A p _ 1 VV" V+ ^""™vu ( 4 -3) 

(3) The measure v p is supported in the convex hull of the set o~{Hq) U o~(Hq + V) 
andUp{R) = lip. 

Remark 4.2. Theorem 14.11 except for the representation (14.21) . was originally proved 
in [61 Theorem 5.1, Theorem 5.2, and Theorem 5.6]. We provide a shorter proof. 
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Proof of Theorem J^.l. The proof can be accomplished by induction. The result is 
known to hold for p = 2 (see 0, [7]). Assume that the theorem holds when p is 
replaced with p — 1. Let [a, b] be a segment containing a (Ho) U a(H + V). Then 
r\ p -\ is supported in [a, b}. Clearly, 



T[R p (f)]=T[R p - 1 (f)] 



(p-l)l 



d' J 



-1 



f(H + xV) 



x=0 



(4.4) 



Let / G Wp(R). By the induction hypothesis and the representation (I3.10p of 
Corollary 13.121 the expression in (14.41) equals 



1 



f iP \t) I A%-\ ((A - 0^) ^<-i,H y(Ai, • • • , Ap) dt. (4.5) 

"a,6]P 



(p-i)! y« 

Integrating by parts in the first integral in ( 14. 5ft gives 



a,6] 



/ ( P -D (6) 



r(V p - v ) 
(P-1)I 



[\ p ^(s)ds) dt. (4.6) 



Combining (I4.4p - (I4.6[) implies 



[iW)] = (/^ 1) (&)-/ (p ~ 1) («)) 



p— 1> 



(P-1)I 



/ (P) W / Vp-i(s)dsdt 



I f iP \t) J^y J [ab]p <X ((A " t)V) dm p \ Hoy (X^ ...,X p )dt 

r(y p - 1 ) 



f(p)(t) 

1 



(p-1) 

(p-1) 



(/- -T)! L A? - ((A " t)rl) dm ^.^ (Ai ' • • • ' Ap) J dt > 

from what the trace formula (14.11) follows for / G Wp(R), with 

t(V P ~ 1 ) 



(p-1)! 

- ^yy £ ((A - Or 1 ) *"£W*i> • • • , Ap). 
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Let [c, d] denote the convex hull of a(H ) U o~(H + V). By the induction hypothesis, 



f p _i((-oo, c)) = i/ p _i((ti,oo)) = and v p -i{[c, d]) = t^tt- By Proposition 



if t > d 



rn P -i,H ,v\ m -' > ~ (p-iy. 



Therefore, (14. 2[) holds and the measure v v is supported in [c, d] . To extend the trace 
formula f ]4. 1[) to / a polynomial, we apply (14. II) to a function g G W P (R), which 
coincides with / on a segment containing U :ce [_i i i]cr(ifo + %V), an d get 

rfo(/)] = r[R p {g)] = [ 9 {p) du p (t) = [ f^(t)du p (t). 



To obtain the equality u p (SL) = T ( v p ; we apply (14. ip to / = t p . The measure v p is 
finite since it is compactly supported and its density is bounded. 

The proof of (14.31) is completely analogous to the proof of (14.21) . where the only 
difference consists in applying (13.111) (instead of (13.101) ) to the second summand in 

(S3D- □ 

The techniques used in the proof of Theorem 14.11 also work in the case of an 
unbounded operator Ho, provided G L 1 (M) and z/ p __i is known to be finite. 

Theorem 4.3. Let Ho = Hq be an operator affiliated with Ai, V = V* an operator 
in /^(.M, t) and p = 3. Then for f G C%(M.) U 9^,, where is the subset of bounded 
functions in 9\, the representations (14. ip - (14.31) hold. 

Proof. The proof is very similar to the one of Theorem 14.11 so we provide only a brief 
sketch. Clearly, 

= lim (f^\b) - /^(a)) = [ f {p \t) T -p^- dt. (4.7) 

By letting a — > — oo and b — > oo in (14.61) . we obtain 

f^it^^dt = - [ /«(t) ( f v-i(a)<k) dt. (4.8) 



By letting a — > — oo and 6 — > oo in (12.51) . we obtain 

<\ if) = 7-^T)! I ^^t-l ((A - m dt 



and, subsequently 



dxP- 



f(H + xV) 



x=0 



[ f ip \t) [ ((a - or 1 ) <*"£W(*i. • • • > A P ) rft ( 4 - 9 ) 

/ At 2 ; Vi ((A - t)r 2 ) dmp_ 1A ,v(Ai, • • • , VO * (4-10) 
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(see the proof of Corollary 13. 1 2[) . 

We note that the integral r] p -.\(s) ds is well defined since rj p _i is integrable 
(see, e.g., discussion in the introductory section of [15]). Combining (14. 8 h - (14.101) . as 
it was done in the case of a bounded H , completes the proof. □ 

Remark 4.4. The trace formula (JEEJ for / G C C °°(M) (in fact, / G Cv +1 (R) also works) 
was obtained in P, Theorem 5.2], without establishing the absolute continuity of the 
measure v 3 when Hq is unbounded. The trace formula 

r[R 3 (f)] = [ f"'(t) V3 (t)dt, (4.11) 

for an unbounded Hq, with 773 given by (14. 3ft . was proved in [T5l Theorem 4.1] only 
for bounded rational functions /. The results of Theorem 13.111 have allowed to obtain 
(14. lip for both / G C*(R) and / G 9V The same approach proves existence of the 
spectral shift function of order p > 3 for an unbounded Hq, when Ai = B(7i) (the 
original proof was obtained in [6j [15]). A substantial obstacle in establishing (14.11) 
for t(|V| p ) < 00, with p > 2 (unless tQ^ 2 ) < 00), is non-extendibility of the set 
function m P)Ho y to a finite measure on W (see a counterexample in P Section 4]). 
An analogous problem has caused a delay in establishing (14.111) in the von Neumann 
algebra setting; the set function m 3) H ,v can fail to extend to a finite measure even 
if r is finite (and dim(7i) = 00) P Section 4]. That is why the approach of P [15] 
working for every Hilbert-Schmidt V = V* G B(7i) was not so successful in the 
general von Neumann algebra setting. 
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